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1. INTRODUCTION
We begin with the definitions of a variety of Cayley objects on a finite group.
DEFINITION 1.1. Let S be a subset of a finite group G satisfying 1 6∈ S, where 1 denotes
the identity of G. A subset S satisfying the above conditions is called a Cayley subset. The
Cayley digraph −→X (G; S) is defined to be the digraph whose vertices correspond to the ele-
ments of G with an arc from g to h, if and only if h = gs for some s ∈ S. We call S the
connection set and say that −→X (G; S) is a Cayley digraph on the group G. If, in addition,
S = S−1, that is, s ∈ S implies that s−1 ∈ S, then we define the Cayley graph X (G; S) by
letting its vertices be the elements of G with an edge between g and h if and only if h = gs
for some s ∈ S. The set S is again called the connection set.
We can introduce colors on the edges or arcs by associating a color c(s) with the element
s ∈ S. In the case of Cayley graphs, of course c(s) = c(s−1). The arc from g to gs is given
the color c(s) and the resulting Cayley digraph −→X (G; S) is called a Cayley color digraph.
Similarly, if the edge joining g and gs is given the color c(s), the resulting Cayley graph
X (G; S) is called a Cayley color graph.
DEFINITION 1.2. Let C1(G) denote the set of Cayley graphs on the group G, C2(G) denote
the set of Cayley color graphs on G, C3(G) denote the set of Cayley digraphs on G, and C4(G)
denote the set of Cayley color digraphs on G. Sometimes, we shall refer to any element of
one of the preceding classes as a Cayley graphical object on G.
There is a natural injection from C1(G) into C2(G) obtained by giving all edges of any
element of C1(G) the same color. We shall be sloppy and think of C1(G) as a subset of C2(G).
Similarly, we can think of C1(G) as a subset of C3(G), C2(G) as a subset of C4(G), and C3(G)
as a subset of C4(G).
DEFINITION 1.3. Let−→X and−→Y be two arc-colored digraphs of order n. An injective func-
tion f : V (−→X ) → V (−→Y ), which preserves both arcs and colors, is called an isomorphism.
A permutation of the vertex set of an arc-colored digraph −→X preserving arcs and colors is
called an automorphism of −→X . The group of automorphisms of −→X is denoted Aut(−→X ). An
arc-colored digraph −→X is said to be vertex-transitive if Aut(−→X ) acts transitively on the ver-
tex set of −→X . The extension of the definition to edge-colored graphs, digraphs and graphs is
obvious.
It is easy to see that any element of Ci (G), 1 5 i 5 4, is vertex-transitive because left
multiplication by any element of G is an automorphism.
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It is natural to ask when two elements of Ci (G), 1 5 i 5 4, are isomorphic. In general, this
is a difficult question, but there are families of groups for which there is a nice answer. The
next result provides a context for our discussion.
THEOREM 1.4. Let −→X = −→X (G; S) be a Cayley color digraph on the group G. If a ∈
Aut(G), such that c(s) = c(a(s)) for each s ∈ S, then a is an isomorphism from the digraph−→X to the Cayley color digraph −→X ′ = −→X (G; a(S)). The same result holds for Cayley color
graphs on G as long as c(s) = c(s−1) for every s ∈ S.
PROOF. We have that (u, v) ∈ A(−→X ) if and only if v = us for some s ∈ S. The color of
the arc is c(s). Since a is a group automorphism, v = us if and only if a(v) = a(u)a(s) if
and only if a(u)a(v) ∈ A(−→X ′). The color of the latter arc is c(a(s)) = c(s) implying that a is
an isomorphism from −→X to −→X ′ as required.
The preceding proof works for Cayley color graphs since c(s) = c(s−1) for all s ∈ S. 2
COROLLARY 1.5. Let−→X = −→X (G; S) be a Cayley digraph on the group G. If a ∈ Aut(G),
then a is an isomorphism from the digraph −→X to the digraph −→X ′ = −→X (G; a(S)). The same
result holds for Cayley graphs on G.
PROOF. The proof of Theorem 1.4 works for the corollary because we can think of all arcs
or edges as having the same color. 2
If two Cayley graphical objects on a group G are isomorphic, we would like to find a
group automorphism that yields an isomorphism between them. We are primarily interested in
Cayley digraphs and graphs. The arc-colored and edge-colored objects have been introduced
because of the proof technique to be employed, although they can be of interest in their own
right at times.
This problem was investigated for cyclic groups by a variety of people as a result of a
conjecture of A. ´Ada´m [1].
DEFINITION 1.6. Let G be a finite group, and let X ∈ Ci (G), 1 5 i 5 4, be a Cayley
graphical object on G. If X isomorphic to X ′ implies that there exists a group automorphism
a of G such that a : V (X) → V (X ′) is an isomorphism, then we say that X satisfies the
Cayley isomorphism property for Ci (G). This will be denoted by saying X is a CI-graphical
object for Ci (G). If the objects are graphs, digraphs, etc., we shall substitute the words graph,
digraph, etc., for graphical object.
DEFINITION 1.7. If every Cayley graphical object in Ci (G) is a CI-graphical object, then
we say that G satisfies the Cayley isomorphism property for Ci (G). We denote this by saying
that G is a CI-group for Ci (G).
In order to determine whether or not G is a CI-group, we must find a way to see when iso-
morphism between two Cayley graphical objects on G can be realized by a group automor-
phism. Theorem 1.4 and Corollary 1.5 inform us that it is sufficient to find a color-preserving
group automorphism mapping one connection set to the other connection set. The next the-
orem translates this problem into a problem of examining subgroups of the automorphism
group G. It provides a very useful tool. Before stating the theorem, we include information
about regular permutation groups.
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DEFINITION 1.8. A transitive permutation group G of degree n is said to be regular if
|G| = n.
PROPOSITION 1.9. The following conditions for a transitive group G to be regular are
equivalent:
(1) |G| = n,
(2) |Gx | = 1 for every x ∈ , where Gx = {g ∈ G : g(x) = x}, and,
(3) For any two x, y ∈ , there exists a unique permutation σ ∈ G such that σ(x) = y.
PROOF. This is left as an exercise for the reader. 2
It was mentioned, following Definition 1.3, that left multiplication by an element of G is an
automorphism of any Cayley graphical object on G. We shall use the notation gL to denote
left multiplication by g ∈ G. We then let GL = {gL : g ∈ G}.
PROPOSITION 1.10. If X is a Cayley graphical object on the group G, then GL is a regular
subgroup of Aut(X).
PROOF. This is left to the reader. 2
THEOREM 1.11 (BABAI [2]). Let X be a Cayley graphical object with connection set S
on the finite group G. Then S is a CI-subset of G for the appropriate Ci (G), if and only if
given any ϕ ∈ SG , the symmetric group acting on G, such that ϕGLϕ−1 ≤ Aut(X), GL and
ϕGLϕ−1 are conjugate in Aut(X).
2. THE GROUPS Z2p
There has been an effort to determine which groups G are CI-groups for C1(G) and C3(G).
The possible candidates for CI-groups for C3(G) are explicitly listed in [8] and those for C1(G)
are explicitly listed in [7]. In particular, in [3] the question was posed whether or not Znp is a
CI-group for C1(Znp), where p is a prime.
We now consider the groups Z2p = Z p × Z p, where p is a prime. The group Z2p was shown
to be a CI-group for C1(G) by C. Godsil [6]. His proof uses a deep theorem about primitive
groups due to M. O’Nan. Our proof is elementary in that it uses only a few facts about Sylow
p-subgroups and the structure of the graphs involved. We also consider all Cayley graphical
objects on Z2p.
DEFINITION 2.1. Consider permutation groups G and H acting on 1 = {x1, x2, . . . , xm}
and 2 = {y1, y2, . . . , yn}, respectively. The wreath product of G and H , denoted G o H , is a
permutation group acting on 1 ×2 as follows. For g ∈ G and h1, h2, . . . , hm ∈ H define
the permutation (g; h1, h2, . . . , hm) by
(g; h1, h2, . . . , hm)(xi , y j ) = (g(xi ), hi (y j )),
for i = 1, 2, . . . ,m. Then,
G o H = {(g; h1, h2, . . . , hm) : g ∈ G and hi ∈ H for i = 1, 2, . . . ,m}.
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The way to picture the wreath product defined above is to visualize replacing each element
of 1 with a copy of 2, and then taking all permutations that permute the copies of 2
according to a permutation from G, and independently permute the elements within each
copy of 2 according to permutations from H . Note that |G o H | = |G||H |m .
THEOREM 2.2. The group Z2p, p a prime, is a CI-group for Ci (Z2p), 1 5 i 5 4.
PROOF. We prove the result for the family C4(Z2p) and observe that the proof is valid for
each of Ci (Z2p), 1 5 i 5 3, as well. Let −→X = −→X (Z2p; S) be a Cayley colored digraph on the
group Z2p. Suppose that σ(Z2p)Lσ−1 ≤ Aut(−→X ) for some σ ∈ SZ2p . We want to show that
(Z2p)L and σ(Z2p)Lσ−1 are conjugate in Aut(−→X ).
The symmetric group Sp2 has order p p+1m, where gcd(p,m) = 1, that is, the Sylow p-
subgroups of Sp2 have order p p+1. Since Z p o Z p has order p p+1 and is a subgroup of Sp2 ,
the Sylow subgroups of Sp2 are conjugates of Z p o Z p. Note the important fact that Z p o Z p is
imprimitive with blocks of length p and that the block system is uniquely determined.
Let P and P ′ be Sylow p-subgroups of Aut(−→X ) containing (Z2p)L and σ(Z2p)Lσ−1, re-
spectively. Then, there exists f ∈ Aut(−→X ) such that f P ′ f −1 = P . Thus, (Z2p)L and
f σ(Z2p)Lσ−1 f −1 are in the same Sylow p-subgroup P of Aut(−→X ). Now P itself is con-
tained in some Sylow p-subgroup of Sp2 which has unique imprimitive blocks of length p.
Let the blocks be
B0 = {x0,0, x0,1, . . . , x0,p−1},
B1 = {x1,0, x1,1, . . . , x1,p−1},
...
Bp−1 = {x p−1,0, x p−1,1, . . . , x p−1,p−1}.
Let the permutation θi = (xi,0 xi,1 . . . xi,p−1), i = 0, 1, . . . , p−1. Without loss of generality,
we may assume that the blocks have been coordinatized, so that τ2 = θ0θ1 . . . θp−1, and the
permutation defined by τ1 : xi, j → xi+1, j for all i, j ∈ {0, 1, . . . , p − 1} are elements of
(Z2p)L . This follows because the group (Z2p)L is regular, the blocks of length p of Z p o Z p are
uniquely determined, and (Z2p)L ≤ Z p o Z p.
We shall say that two blocks of imprimitivity Bi and B j are wreathed if exactly one of the
following holds:
(1) There are no arcs between Bi and B j .
(2) All possible arcs go from Bi to B j , they all have the same color, and there are no arcs
from B j to Bi .
(3) The same as the preceding item with the roles of Bi and B j interchanged; or
(4) All possible arcs go from Bi to B j , all possible arcs go from B j to Bi , and all arcs in
the same direction have the same color.
We now show that either τ2 ∈ f σ(Z2p)Lσ−1 f −1 or τ2 belongs to a conjugate in Aut(−→X )
of f σ(Z2p)Lσ−1 f −1. Consider the automorphism τ ′2 ∈ f σ(Z2p)Lσ−1 f −1 which maps x0,0
to x0,1. We must have τ ′2 = θ0θe11 . . . θ
ep−1
p−1 , since it has order p and is from a regular group.
If e1 = e2 = · · · = ep−1 = 1, then τ ′2 = τ2. If some ei = r 6= 1, then we claim that any two
blocks Bk and B j , j < k, are wreathed. To see this, note that τ−12 τ ′2 fixes each vertex of B0
and maps vertices of Bi in a p-cycle. Thus, if (x0,0, xi,`) is an arc of
−→X and is colored red,
then there is an arc from x0,0 to every vertex of Bi and all such arcs are colored red. The action
of τ2 then implies that there is an arc from each vertex of B0 to each vertex of Bi and all are
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colored red. A similar consideration works for possible arcs from Bi to B0. Therefore, B0 and
Bi are wreathed. The action of τ1 then implies that B1 and Bi+1 are wreathed, B2 and Bi+2
are wreathed, and so on. That is, Br and Bs are wreathed if either r−s = i or s−r = i , where
these subscript computations are carried out modulo p. Since the vertices of Bi are mapped
in a p-cycle by τ ′2, there is a smallest r so that the vertices of B0, Bk− j , . . . , B(r−1)(k− j) are
all fixed and the vertices of Br(k− j) are mapped in a p-cycle. From the preceding argument,
we see that B(r−1)(k− j) and Br(k− j) are wreathed, implying that Bk and B j are wreathed. The
claim has been proved.
Let τ ′1 be the element of f σ(Z2p)Lσ−1 f −1 mapping x0,0 to x1,0. Since P is a subgroup of
Z p o Z p, τ ′1(Bi ) = Bi+1 for all i . We claim that the mapping τ i1τ ′−i1 is an automorphism of X
mapping xi,ar to xi,a+ j for some j . It is clear that τ i1τ ′−i1 is an automorphism and maps Bi to
itself. Let τ ′−i1 (xi,0) = x0, j . Then τ ′2τ ′−i1 (xi,0) = x0, j+1. Since f σ(Z2p)Lσ−1 f −1 is Abelian,
τ ′−i1 τ ′2 = τ ′2τ ′−i1 implying that τ ′−i1 τ ′2(xi,0) = τ ′−i1 (xi,r ) = x0, j+1. Continuing in the same
manner, we see that τ ′−ii (xi,ar ) = x0, j+a . The claim then follows.
It now follows that the mapping g′i given by g′i (xi,k) = xi,r−1k is an automorphism of−→X i , where −→X i denotes the Cayley color digraph induced by −→X on Bi . It can be extended
to an automorphism gi of
−→X by letting it fix all other vertices. Obtain g j for each j =
1, 2, . . . , p − 1 in a similar manner, that is, g j (x j,k) = x j,e−1j k for k = 0, 1, . . . , p − 1 and
fixes all other vertices. Then, conjugation of τ ′2 by f1 = g1g2 . . . gp−1 yields τ2. Therefore,
f1 f σ(Z2p)Lσ−1 f −1 f −11 contains τ2.
Now let τ ′1 be the element of the latter group mapping x0,0 to x1,0. Since τ ′1 and τ2 commute,
note that τ ′1(xi, j ) = xi+1,k implies that τ ′1(xi, j+1) = xi+1, j+1. In particular, if τ ′1(xi,0) =
xi+1,0 for all i , then τ ′1 = τ1 and we are finished. Hence, we consider the cycle ζ = (x0,0
x1,0 . . .) in the disjoint cycle decomposition of τ ′1. Let xi,di ∈ ζ , 0 5 i 5 p − 1. We may
assume some di 6= 0 by the above. We claim that this implies that any two blocks B j and Bk
are wreathed.
To prove the claim, first note that τ−11 τ ′1 fixes each vertex of B0. We may assume j < k
without loss of generality. Let t = k − j . If dt 6= dt+1, then τ−11 τ ′1 maps the elements of Bt
in a p-cycle implying that B0 and Bt are wreathed, which, in turn, implies that B j and Bk are
wreathed. Otherwise, dt = dt+1, and we then consider d2t and d2t+1. Since di 6= 0 for some
i , we must eventually find an a so that dat = dat+1 while d(a+1)t 6= d(a+1)t+1. This implies
that B j and Bk are wreathed as claimed.
We want to cyclically relabel each of the blocks Bi by −di . Let gi denote θ−dii extended
to all of −→X by letting it fix any vertex not in Bi . Then f2 = g2g3 . . . gp−1 conjugates τ ′1 to
τ1 and leaves τ2 unaltered. Therefore, (Z2p)L = f2 f1 f σ(Z2p)Lσ−1 f −1 f −11 f −12 and we are
finished.
As mentioned at the beginning of the proof, each of the steps are valid for objects in Ci (Z2p),
1 5 i 5 3. 2
The proof for Z3p has similarities with the proof just concluded. It is technically more com-
plicated and uses Theorem 2.2 in addition. It is given in the next section.
3. THE GROUPS Z3p
The group Z3p was shown to be a CI-group by both M.-Y. Xu [10] and E. Dobson [5]. Xu
uses the classification of finite simple groups in his proof and never published a complete ver-
sion of the proof. Dobson gives a more combinatorial proof and avoids using the classification
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of finite simple groups; still, his proof is somewhat complex. The following proof is indeed
more elementary than either of the two published proofs.
THEOREM 3.1. The group Z3p, p a prime, is a CI-group for Ci (Z3p), 1 5 i 5 4.
PROOF. The proof is given for C4(Z). We discuss this point more fully at the conclusion
of the proof. Similar to the comments in the proof of Theorem 2.2, the Sylow p-subgroups
of Sp3 are conjugate to Z p o Z p o Z p. This implies that every Sylow p-subgroup of Sp3 has a
unique block system of p2 blocks each of length p, and a unique block system of p blocks
each of length p2.
Let−→X = −→X (Z3p; S) be a Cayley color digraph on the group Z3p. Suppose that σ(Z3p)Lσ−1 ≤
Aut(−→X ) for some σ ∈ SZ3p . We want to show that (Z3p)L and σ(Z3p)Lσ−1 are conjugate in
Aut(−→X ).
By taking a conjugate of σ(Z3p)Lσ−1 if necessary, as mentioned in the proof of Theo-
rem 2.2, we may assume that (Z3p)L and σ(Z3p)Lσ−1 are in the same Sylow p-subgroup P of
Aut(−→X ). The group P is contained in some Sylow p-subgroup P∗ of SZ3p which has unique
imprimitive blocks of length p. Let the blocks be
Bi, j = {xi, j,k : 0 5 k 5 p − 1}, 0 5 i, j 5 p − 1.
Furthermore, it also has unique imprimitive blocks of length p2. Let
Bi = Bi,0 ∪ Bi,1 ∪ · · · ∪ Bi,p−1,
for 0 5 i 5 p − 1, be the blocks of length p2.
Let the permutation θi, j = (xi, j,0 xi, j,1 . . . xi, j,p−1), for 0 5 i, j 5 p−1. Since both (Z3p)L
and σ(Z3p)Lσ−1 are abelian and act transitively on the set of blocks {Bi, j : 0 5 i, j 5 p−1},
they must act regularly on this set of blocks. Thus, without loss of generality, we may assume
that the blocks have been coordinatized so that the permutations τ3 : xi, j,k → xi, j,k+1, τ2 :
xi, j,k → xi, j+1,k and τ1 : xi, j,k → xi+1, j,k , for 0 5 i, j, k 5 p − 1, are elements of (Z3p)L .
Note that
τ3 =
∏
05i, j5p−1
θi, j
and (Z3p)L = 〈τ1, τ2, τ3〉.
We shall use an inductive argument to complete the proof in several special cases. For
convenience, we give this as a lemma at this point in the larger proof.
LEMMA 3.2. Suppose we have found a conjugate H of σ(Z3p)Lσ−1 such that τ ′′1 , τ ′′2 , τ3 ∈
H, where τ ′′2 maps B0, j to B0, j+1, τ ′′1 : Bi → Bi+1, 0 5 i 5 p − 1, and both τ ′′1 and τ ′′2fix the third subscript of every xi, j,k . This means that 〈τ1, τ2, τ ′′1 , τ ′′2 〉 maps blocks of length
p to blocks of length p, keeping all third subscripts fixed. We can then complete the proof of
Theorem 3.1.
PROOF. Define a Cayley color digraph −→Y on Z2p whose vertices are the blocks Bi, j , 0 5
i, j 5 p − 1. Define the p-tuple ui, j,k,` = (u0, u1, . . . , u p−1) by ut = c if there is an arc
of color c from xi, j,0 to xk,`,t in X , and ut = 0 otherwise. Assign the color ui, j,k,` to the
arc from Bi, j to Bk,`. If
−→f ∈ Aut(−→Y ), then −→f determines an f ∈ Aut(−→X ) defined by
f (xi, j,t ) = xk,`,t if −→f : Bi j → Bk,` because of the way in which colors are defined on the
arcs of −→Y .
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Letting −→τ1 ,−→τ2 ,−→τ ′′1 and
−→
τ ′′2 denote the actions of τ1, τ2, τ ′′1 and τ ′′2 , respectively, on the
vertices of −→Y , we see that 〈−→τ ′′1 ,
−→
τ ′′2 〉 is a conjugate of (Z2p)L contained in Aut(−→Y ). Since
Theorem 2.2 holds for Cayley color digraphs on Z2p, there is an
−→f ∈ Aut(−→Y ) such that
−→f 〈−→τ ′′1 ,
−→
τ ′′2 〉−→f
−1 = 〈−→τ1 ,−→τ2 〉. Thus, f 〈τ ′′1 , τ ′′2 〉 f −1 = 〈τ1, τ2〉. Since f τ3 f −1 = τ3, f H f −1 =
(Z3p)L completing the proof. 2
We return to the proof of Theorem 3.1. We use several important properties involving reg-
ular permutation groups several times in the subsequent proof and think it worth discussing
now. First, if a permutation group is transitive and Abelian, then it is regular. Second, if G is
transitive, Abelian and imprimitive, then any permutation fixing a block of imprimitivity set-
wise must, in fact, fix all the blocks of imprimitivity setwise. This follows because the action
of G on the set of blocks is also transitive and abelian, and therefore regular. This is used in
the next paragraph about the form of τ ′3 (to be defined).
The first step we undertake is to find a conjugate of σ(Z3p)Lσ−1 containing τ3. Let τ ′3 ∈
σ(Z3p)Lσ−1 be the element mapping x0,0,0 to x0,0,1 . Then
τ ′3 =
∏
05i, j5p−1
θ
ei, j
i, j ,
where e0,0 = 1. If two blocks Bi, j and Bk,` are not wreathed, then ei, j = ek,` must hold.
Form an auxiliary graph Y whose vertices are the blocks of length p and with an edge joining
two blocks if and only if the two blocks are not wreathed.
Note that the union of the p-blocks corresponding to a component of Y is a block of im-
primitivity for Aut(−→X ). Let B denote the complete block system of Aut(−→X ) arising from the
components of Y .
If Y is connected, then all ei, j are equal implying that τ ′3 = τ3 and we are finished. This
corresponds to the case that B consists of a single block of length p3.
If Y is totally disconnected, then any two p-blocks are wreathed and we proceed as in the
proof of Theorem 2.2. Namely, if ei, j = r , then the subcirculant digraph induced on Bi, j has
the property that the color of the arc from xi, j,s to xi, j,t is the same as the color of the arc from
xi, j,rs to xi, j,r t . Hence, the permutation fi, j which maps xi, j,` to xi, j,r−1`, 0 5 ` 5 p − 1,
and fixes all other vertices of −→X is an automorphism of −→X . Conjugating θei, ji, j by fi, j yields
θi, j . Therefore, conjugating τ ′3 by the product∏
05i, j5p−1
fi, j
yields a conjugate of σ(Z3p)Lσ−1 containing τ3 in this case.
Finally, let Y have non-trivial components. This corresponds to the case that B consists of
p blocks each of length p2. Thus, each component consists of p p-blocks. There are two
possibilities for the components of Y . Either the components are B0, B1, . . . , Bp−1, or every
component C intersects each block B0, B1, . . . , Bp−1 in exactly one p-block.
Consider the former first. Let Ci = {Bi,0, Bi,1, . . . , Bi,p−1}. Let gi = θei,0i,0 θei,1i,1 . . . θ
ei,p−1
i,p−1 so
that gi is part of the disjoint cycle decomposition of τ ′3. If ei,0 = 1, then ei, j = 1 for each j
and there is nothing to do. Hence, we may assume ei,0 = r 6= 1 implying that i 6= 0. Let τ ′ be
the element of σ(Z3p)Lσ−1 mapping xi,0,0 to x0,0,0. Since τ ′τ ′3 = τ ′3τ ′, τ ′ has the property that
if τ ′(xi, j,t ) = x0,k,s , then τ ′(xi, j,t+r ) = x0,k,s+1. Then consider the mapping τ i1τ ′. It fixes the
block Bi,0 setwise which implies it fixes each of the blocks Bi, j setwise since it is an element
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of P . Therefore, if we let fi be the restriction of τ i1τ ′ to Bi , then fi gi f −1i = θi,0θi,1 . . . θi,p−1,
and by letting it fix all vertices not in Bi , it becomes an element of Aut(
−→X ). The mapping τ ′
may vary for each value of i . So letting f = f0 f1 . . . f p−1, we obtain an element of Aut(−→X )
satisfying f τ ′3 f −1 = τ3.
Now consider the other possibility. Let C be a component and C = {B0, j0 , B1, j1 , . . . ,
Bp−1, jp−1}. We use essentially the same technique as in the previous paragraph except that
now we use the mapping τ j02 τ
′
, where τ ′ is the element of σ(Z3p)Lσ−1 mapping x0, j0,0 to
x0,0,0, and observe that it fixes each p-block of C setwise, because the component C is
mapped to itself and the block B0 is fixed setwise, so that the same is true of each of the
blocks B1, B2, . . . , Bp−1. Thus, we have found a conjugate f σ(Z3p)Lσ−1 f −1 of σ(Z3p)Lσ−1
containing τ3.
Let τ ′2 be the element of f σ(Z3p)Lσ−1 f −1 mapping x0,0,0 to x0,1,0. Then τ ′2(B0, j ) =
B0, j+1 for 0 ≤ j ≤ p−1 because P∗ is unaltered. Let τ ′1 be the element of f σ(Z3p)Lσ−1 f −1
mapping x0,0,0 to x1,0,0. Then τ−11 τ ′1(B0,0) = B0,0 implying that τ−11 τ ′1(Bi, j ) = Bi, j+ti ,
0 5 ti 5 p − 1 and 1 5 i 5 p − 1, because τ−11 τ ′1 ∈ P∗. Hence, τ ′1(Bi, j ) = Bi+1, j+ti for
0 5 i 5 p − 1, where t0 = 0.
We claim that τ ′2(Bi, j ) = Bi, j+1 for all i . We proceed by induction on i noting it is true for
i = 0. Since τ ′1 and τ ′2 commute,
τ ′2(Bi+1, j ) = τ ′1τ ′2(τ ′1)−1(Bi+1, j ) = τ ′1τ ′2(Bi, j−ti ) = Bi+1, j+1.
This proves the claim.
If τ ′2(xi, j,k) = xi, j+1,k+di, j , then τ ′2(xi, j,k+`) = xi, j+1,k+`+di, j for 0 5 ` 5 p − 1 because
τ3τ ′2 = τ ′2τ3. Define Di = (di,0, di,1, . . . , di,p−1), 0 5 i 5 p − 1 and call Di the profile of τ ′2
on B1. Note that the profiles completely determine the action of τ ′2.
Consider the case that every profile is a constant sequence. In particular, this means that
D0 = (0, 0, . . . , 0). If each profile is (0, 0, . . . , 0), then τ ′2 = τ2 and we are finished. So, we
may assume that Di = (k, k, . . . , k), k 6= 0, for some i . Consider blocks Br,t and Br+α,t ′ ,
α 6= 0. For some r ′ and r ′+α, we must have D′r 6= Dr ′+α . So, if there is a red arc from xr ′,t,0
to xr ′+α,t ′, j , then, under the action of τ ′2, there is a red arc from xr ′,t+1,dr ′ to xr ′+α,t ′+1, j+dr ′+α .
Since dr ′ 6= dr ′+α , Br ′,t and Br ′+α,t ′ are wreathed implying that Br,t and Br+α,t ′ are wreathed.
Hence, any two p-blocks in different p2-blocks are wreathed.
Now consider two p-blocks B0,r and B0,s , r 6= s, in B0. Let τ ′ ∈ f σ(Z3p)Lσ−1 f −1 map
x0,0,0 to xi,0,0. Then consider the action of τ ′2τ ′ = τ ′τ ′2. We have τ ′2τ ′(x0,0, j ) = xi,1,k+ j so
that τ ′(x0,1, j ) = xi,1,k+ j . Similarly, τ ′(x0,t, j ) = xi,t,tk+ j . Hence, if there is a red arc from
x0,0,0 to x0,r−s, j , there is a red arc from xi,0,0 to xi,r−s,(r−s)k implying there is a red arc from
x0,0,0 to x0,r−s,(r−s)k in turn implying that B0,0 and B0,r−s are wreathed. Therefore, any two
p-blocks are wreathed.
Define
g =
∏
05i, j5p−1
θ
jdi, j
i, j .
Then gτ3g−1 = τ3 and gτ ′2g−1 = τ2 so that g f σ(Z3p)Lσ−1 f −1g−1 contains both τ1 and τ2.
This leaves us with the case that some profile is not constant. In this case, we claim that
any two p-blocks in the same p2-block are wreathed. Let Di not be a constant sequence and
B j,s and B j,t be two distinct p-blocks of B j , where 0 5 s < t ≤ p − 1. Define ` = t − s.
There must be an r such that di,r 6= di,r+` because Di is not constant. If there is a red arc
from xi,r,0 to xi,r+`,a , then the actions of τ−12 τ ′2 and τ3 imply there is a red arc from xi,r,0
to xi,r+`,a+di,r+`−di,r . Hence, there is a red arc from every vertex of Bi,r to every vertex of
Bi,r+`. The claim follows easily by incorporating the action of τ1.
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We now consider two p-blocks from distinct p2-blocks. If a p-block of Bi is not wreathed
with a p-block of B j , i 6= j , then a p-block of B0 is not wreathed with a p-block of B j−i .
So, suppose B0,k and B`,t are not wreathed. This implies there is either a red arc from B0,k to
B`,t but not a red arc from every vertex of B0,k to every vertex of B`,t , or the reverse. Assume
there is a red arc from x0,k,0 to x`,t,r but not to all vertices of B`,t . The action of τ−12 τ ′2 yields
a red arc from x0,k,d0,k to x`,t,r+d`,t . This implies the existence of a red arc from x0,k,0 to
x`,t,r+d`,t−d0,k . Since there is not a red arc from x0,k,0 to every vertex of B`,t , d`,t = d0,k must
hold. Similarly, d`,t+1 = d0,k+1 must hold and so on. That is, D` is just a cyclic shift of D0.
Continuing as above, we obtain that D2` is a cyclic shift of D` and, thus, a cyclic shift of
D0. So we see that each profile is a cyclic shift of D0 which implies that if one profile is not
a constant sequence, then none of the profiles is a constant sequence. Since the length of the
profiles is prime, there is a unique cyclic shift of D0 equal to Di for each i 6= 0. This means
that if we form the same auxiliary graph Y we formed earlier, it has p components and each
component intersects each p2-block in precisely one block.
We define our conjugating automorphism g in terms of the components of Y . Let
g =
∏
05i, j5p−1
θ
ei j
i, j ,
where e0, j = d0,0+ d0,1+ · · · + d0, j and ei, j = e0,k if Bi, j is in the same component of Y as
B0,k . Then g conjugates τ3 to itself and τ ′2 to τ2.
There are two possibilities remaining. First, it may be the case that every profile is a cyclic
shift of D0, and yet any two p-blocks in distinct p2-blocks are wreathed. Second, some profile
may not be a cyclic shift of D0, but in this case it must follow that any two p-blocks in distinct
p2-blocks are wreathed. In both cases, we have that any two p-blocks are wreathed. It is now
easy to define a g that will work. Use a product as before with the exponent on θi, j being the
sum di,0 + di,1 + · · · + di, j .
In all cases, we have found a g such that g f σ(Z3p)Lσ−1 f −1g−1 contains both τ2 and τ3.
We move to the last step and let τ ′1 ∈ g f σ(Z3p)Lσ−1 f −1g−1 satisfy τ ′1(x0,0,0) = x1,0,0.
Note that τ ′1(Bi ) = Bi+1 for 0 5 i 5 p−1. If τ ′1(xi, j,k) = xi+1, j+ai ,k+bi , then τ ′1(xi, j ′,k′) =
xi+1, j ′+ai ,k′+bi , that is, the action of τ ′1 is completely determined by the pairs (ai , bi ), 0 5 i 5
p−1. Consequently, we define the profile of τ ′1 to be the sequence (0, 0), (a1, b1), . . . , (ap−1,
bp−1).
If b0 = b1 = · · · = bp−1 = 0, then Lemma 3.2 completes the proof. Thus, we may assume
that some bi 6= 0.
If any two p-blocks from different p2-blocks are wreathed, then let
ψi = (θi,0θi,1 . . . θi,p−1)−b1−b2−···−bi−1 ,
for 2 5 i 5 p − 1. Clearly, ψi ∈ Aut(−→X ) for 2 5 i 5 p − 1. Then, let ψ = ψ2ψ3 . . . ψp−1.
It is easy to see that ψτ3ψ−1 = τ3, ψτ2ψ−1 = τ2, and that ψτ ′1ψ−1 fixes the third coordinate
of each vertex of −→X . We now complete the proof using Lemma 3.2.
If a1 = a2 = · · · = ap−1 = 0, then we claim that any two p-blocks from different p2-
blocks are wreathed. To see this, suppose there is a red arc from xi,k,0 to x j,`,r . Since b0 = 0
but some bi 6= 0, there must be a t such that bt 6= bt+ j−i . There must be a red arc from xt,k,0
to xt+ j−i,`,r and, thus, a red arc from xt+1,k,bt to xt+1+ j−i,`,r+bt+ j−i which in turn implies
there is a red arc from xt,k,0 to xt+ j−i,`,r+bt+ j−i−bt . This implies there is a red arc from xt,k,0
to every vertex of Bt+ j−i . That is, Bi,k and B j,` are wreathed. The proof may be completed
as before when any two p-blocks in different p2-blocks are wreathed.
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From the preceding paragraph, we see that we may assume that some a j 6= 0 and that there
is some i 6= 0, such that some p-block of B0 is not wreathed with some p-block of Bi . In this
case we explicitly find an element of Aut(−→X ) that conjugates τ ′1 to τ1 while fixing both τ2 and
τ3 under conjugation, thereby showing that σ(Z3p)Lσ−1 is conjugate to (Z3p)L in Aut(−→X ).
Let
ψ(xi, j,k) =
{
xi, j,k for i = 0 or i = 1
xi, j−a1−a2−···−ai−1,k−b1−b2−···−bi−1 for 2 5 i 5 p − 1 .
Note that ψ fixes both τ2 and τ3 under conjugation, and that ψτ ′1ψ−1 = τ1. If we can show
that ψ ∈ Aut(−→X ), we are finished.
Let Si be the out-neighbors of x0,0,0 in Bi,0 using red arcs. Then consider τ−11 τ1. It fixes
x0,0,0 and maps xi, j,` to xi, j+ai ,`+bi . Thus, the out-neighbors of x0,0,0 in Bi,ai using red arcs
are the elements of bi + Si . Similarly, the out-neighbors of x0,0,0 in Bi,2ai using red arcs are
the elements of 2bi + Si and so on. So the out-neighbors of x0,0,0 in Bi,αai using red arcs
are the elements of αbi + Si , 0 5 α 5 p − 1. If some p-block of B0 is not wreathed with
some p-block of Bi , then from the above we see that no p-block of B0 is wreathed with any
p-block of Bi .
Next we show that a2i determines b2i . Suppose that a2i − ai = αai . The out-neighbors of
the vertex xi,0,0 in B2i,0 using red arcs are the elements of Si . Using τ ′1, we see that the out-
neighbors of xi+1,ai ,bi in B2i+1,a2i are the elements of b2i + Si . Hence, the out-neighbors of
xi,0,0 in B2i,a2i−ai are the elements of b2i − bi + Si . This implies that b2i − bi = αbi because
the out-neighbors of x0,0,0 in Bi,a2i−ai using red arcs are the same as the out-neighbors of
xi,0,0 in B2i,a2i−ai using red arcs. We see that if a2i = kai , then b2i = kbi . In a similar way,
we show that the same holds for a3i , a4i and so on.
The above allows us to verify that ψ is an automorphism of −→X . Consider the out-arcs from
the p-blocks of B0 to the p-blocks of B j . If there are no arcs from x0,0,0 to B j,0, then there
are no arcs from any p-block of B0 to any p-block of B j . Thus, ψ preserves all arcs from
p-blocks of Bk to p-blocks of Bk+ j as there are none. The same conclusion holds if there is
an arc from x0,0,0 to every vertex of B j,0 and all these arcs have the same color. Hence, letting
S j be the out-neighbors of x0,0,0 in B j,0 using red arcs, we may assume that S j is neither
empty nor all of B j,0.
Let a j = αai . From above, we know that this implies that b j = αbi . This means that the
out-neighbors of x0,0,0 in B j,αai using red arcs are the elements of αbi + S j . Examine the
action of ψ on xr,s,t . It keeps r fixed. If it shifts s by αai , then it shifts t by αbi and for
this reason preserves red arcs between Bk and Bk+ j . Since this holds for all j , ψ ∈ Aut(−→X )
completing the proof for C4(Z3p).
The only point to keep in mind for proving the result for Ci (Z3p), 1 5 i 5 3, is that when
requiring the analogue of Lemma 3.2, the auxiliary digraph one introduces is still a Cayley
color digraph on Z2p. Thus, we use Theorem 2.2 for C4(Z2p) in all cases. 2
The preceding proofs appear to offer some hope of extending these results to Znp for n = 4.
However, there are some quandries introduced by such hopes. For example, L. Nowitz [9] has
proved that Z62 is not a CI-group. M. Conder and C. Li [4] have verified that Z52 is a CI-group
using a computer search. So if the results can be extended, it is possible only for odd primes.
This means that we must develop a better understanding of the example Nowitz produced. (It
again suggests that 2 is an odd prime.)
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